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Tipping Points in Opinion Dynamics:
A Universal Formula in Five
Dimensions
Serge Galam1* and Taksu Cheon2

1CEVIPOF - Centre for Political Research, Sciences Po and CNRS, Paris, France, 2Laboratory of Physics, Kochi University of
Technology, Kochi, Japan

A universal formula is shown to predict the dynamics of public opinion including eventual
sudden and unexpected outbreaks of minority opinions within a generic parameter space
of five dimensions. The formula is obtained by combining and extending several
components of the Galam model of opinion dynamics, otherwise treated separately,
into one single update equation, which then deploys in a social space of five dimensions.
Four dimensions account for a rich diversity of individual traits within a heterogeneous
population, including differentiated stubbornness, contrarianism, and embedded
prejudices. The fifth dimension is the size of the update groups being discussed.
Having one single formula allows one to explore the complete geometry of the
underlying landscape of opinion dynamics. Attractors and tipping points, which shape
the topology of the different possible dynamics flows, are unveiled. Driven by repeated
discussion among small groups of people during a social or political public campaign, the
phenomenon of minority spreading and parallel majority collapse are thus revealed ahead
of their occurrence. Accordingly, within the opinion landscape, unexpected and sudden
events such as Brexit and Trump victories become visible within a forecast time horizon,
making them predictable. Despite the accidental nature of the landscape, evaluating the
parameter values for a specific case allows one to single out which basin of attraction is
going to drive the associate dynamics, and thus, a prediction of the outcome becomes
feasible. The model may apply to a large spectrum of social situations including voting
outcomes, market shares, and societal trends, allowing us to envision novel winning
strategies in competing environments.

Keywords: opinion dynamic, minority spreading, stubborn agents, contrarian agents, prejudice, sociophysics

1. INTRODUCTION

Majoritarian social decisions have been traditionally justified by Condorcet’s jury theorem which
states that, in majoritarian group decisions, the errors in individual judgment are canceled out to
arbitrary accuracy as the number of voters increases. This implies the stable dominance of rational
majority in democratic decision-making. In reality, however, democratic majoritarianism can
produce seemingly unexpected sudden shifts, as exemplified by political events such as the 2016
Brexit victory and Trump election. There is also a glaring contradiction in democracy in which there
exist powerful interest groups that exert disproportionate power despite their minority status.

Such unexpected and paradoxical outcomes of opinion dynamics are challenging puzzles, which
are yet to be elucidated. In particular, with public opinion being nowadays a major key to trigger
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eventual changes in modern societies as well as collapses of
political regimes, the understanding of the mechanisms behind
the making of public opinion becomes a major issue of vital
interest.

It happened that from the beginning of sociophysics [1], the
study of opinion dynamics has been a main topic of research,
which has shed new and disruptive light about these paradoxical
features resulting from majority group decision [2–6]. A great
deal of models have been, and are yet to be, proposed to describe
opinion dynamics in social systems [7–12]. Most of them
consider homogeneous populations with a local update rule
and discrete variables. A series of these models were shown to
be included within a single unifying frame [13]. Continuous
variables have also been used [14, 15]. Yet, despite ongoing
active research [16–21] up-to-date, the opinion dynamics issue
is still lacking a comprehensive and robust framework, especially
a reliable predictive tool.

Among those models stands the seminal Galam model
[22–26], which combines local majority rule updates with local
symmetry breaking driven by unconscious prejudices and
cognitive biases in case of an even-size group at a tie. The
model has revealed some heuristic capacity with the successful
predictions of a few political events such as 2016 Brexit victory
[24, 27], Trump election [28], and 2005 French rejection of the
European constitution project [29]. It has been subsequently
extended to incorporate heterogeneous populations with three
different psychological traits, which are heterogeneous
prejudices, inflexibility or stubbornness [30–37], and
contrarianism [38–41]. However, only specific combinations of
these traits have been investigated [42–44]. An additional
limitation has been the restriction of update groups to sizes 2,
3, and 4.

In this work, by investigating further the Galam model in a
generic parameter space of five dimensions, we obtain a single
universal update equation to follow the temporal evolution of
opinion distribution among a heterogeneous population with any
combination of rational, stubborn, and contrarian agents for any
average of hidden prejudices and for an arbitrary size of groups
being discussed.

The update equation allows one to explore the complete
geometry of the underlying landscape. In particular, attractors
and tipping points which shape the faith of possible dynamics
flows are unveiled. The underlying dynamics path of public
opinion driven by repeated discussion among small groups of
people during a social or political public campaign becomes
predictable. Future occurrence of sudden minority spreading
and parallel majority collapse ahead of their actual occurrence
is revealed as shown with 2016 Brexit and Trump victories. They
became visible within a forecast time horizon and in turn
predictable.

In addition, having the full five-dimensional landscape makes
predictions more feasible and robust because, then, the precise
evaluation of the parameter values is not required. Instead, what
matters is identifying the relevant basin of attraction where the
dynamics will take place. However, along the basin boundaries,
more-precise estimates of the parameters are necessary.

Having a universal formula which accounts for generic
psychological features makes the model applicable to a large
spectrum of social situations including voting outcomes, market
shares, and societal trends. The results also allow us to envision
novel winning strategies in competing environments to win a
public debate or a market share.

The rest of the article is organized as follows. In Section 2, we
outline the derivation of the universal formula aggregating the
various components of the Galam model. A few illustrations of
sudden and unexpected minority outbreaks yielded by the
equation are exhibited in Section 3. Section 4 contains some
explicit expressions for the evolution equation for (some) few
specific values of the group size r. We analyze the mathematical
structure of the universal update equation through the
identification of its fixed points in Section 5. Section 6
explores some aspects of the five-dimensional parameter space
of the model pointing out the existence of critical points. The
results are illustrated with several numerical examples.
Concluding remarks are presented in the last section.

2. THE UNIVERSAL FORMULA IN
FIVE-DIMENSIONAL PARAMETER SPACE

We consider a population with N agents, each capable of taking
two states 1 and 0, respectively, representing two exclusive
opinions A and B. At a given time t, the corresponding
proportions of agents holding A and B are denoted as pt and
(1 − pt). To make legitimate use of proportions and probabilities,
we focus on cases with N > 100 [26]. Choosing an initial time
t � 0, we investigate the time evolution of p0 driven by informal
local discussion among agents at successive discrete time steps
with p0 → p1 → p2 → . . .

To account for this complicated and unknown process, we use
the Galam dynamical model, which monitors the opinion
dynamics by a sequential iterated scheme. To implement one
scheme, agents are first randomly distributed within small groups
of size r. Then, within each group, a majority rule is applied to
update local agent opinions. Each agent has one vote to determine
the actual local majority. However, to account for the
heterogeneity of psychological traits among agents, not all of
them obey the majority rule by shifting the opinion if holding the
local minority choice. Three types of agents, floaters, inflexibles,
and contrarians, are considered. After local updates are
performed, all groups are dismantled and agents are
reshuffled, thus erasing the local correlations which were
created by applying the local majority rules.

• The floaters vote to determine the local majority and,
afterward, the ones holding the minority opinion shift to
adopt the majority opinion. However, in case of a tie in a
local even-size group, floaters adopt the choice in tune with
the leading prejudice among the group members [3]. This
prejudice-driven tie breaking is activated unconsciously
by the agents. Accordingly, at a tie, opinion A is chosen
with probability k and opinion B is chosen with probability
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(1 − k). The value of k satisfies 0≤ k≤ 1 and is a function of
the distribution of prejudices within the social group.

• The inflexibles also vote to determine the local majority, but
contrary to the floaters, in case they hold the minority
choice, they stick to it. They are stubborn and keep on
with their own pre-decided choice whatever the local
majority is. Accordingly, an A-inflexible stays in state 1
and a B-inflexible stays in 0. The same holds true at a tie.
Their respective proportions denoted as a and b are external
fixed parameters with the constraint 0≤ a + b≤ 1.

• The contrarians are floaters, who, once groups are
dismantled, decide individually to shift the opinion to
oppose the group majority they contributed to. The
attitude is independent of the majority choice, either A
or B. The proportion of contrarians among floaters is
denoted as c satisfying 0≤ c≤ 1. The value of c is also a
fixed external parameter with the case c> 1/2 corresponding
to a situation where a majority of floaters systematically flip
to the other opinion creating an ongoing alternative shifting
betweenA and B. The proportion of floatersA and B is given
by (1 − a − b), and the proportion of contrarians among all
agents is given by ~c � (1 − a − b)c.

At time t, once a scheme is completed with pt → pt+1, another
one is performed to obtain p+1 → pt+2 and so forth till the debate
ends with an eventual vote at a given time, which determines the
total number of updates to be implemented. The frequency of
updates is a function of the intensity of the ongoing debate. For
any real situation, the debate initial proportion p0 is evaluated
using polls.

Let us now evaluate the function P(r)
a,b,c,k yielding pt+1 from pt ,

given the values, as follows:

pt+1 � P(r)
a,b,c,k(pt). (1)

However, since the contrarian phenomenon is mathematically
identical to a random flipping of floaters with probability c among
reshuffled agents, we can decouple the c effect from the local
update writing as

pt+1 � (1 − c)[P(r)
a,b,k(pt) − a] + c[1 − P(r)

a,b,k(pt) − b], (2)

which simplifies as

pt+1 � (1 − 2c)P(r)
a,b,k(pt) + c(1 + a − b). (3)

To evaluate P(r)
a,b,k, we note that in a given configuration of a group

of size r with (r − μ) agents holding opinion A and μ agents
holding opinion B, the contributions to P(r)

a,b,k result from two
different families. One family includes contributions with a
majority of A and equality of A and B (for even size at a tie
with probability k), while the other family corresponds to
contributions with a minority of A and equality of A and B
(for even size at a tie with probability (1 − k)). These families
are denoted, respectively, as P(r,μ)

a,b,c and Q(r,μ)
a,b,c under the constraint

μ≤ [r/2], where [x] is the integer part of x. Eq. 1 can be
rewritten as

P(r,μ)a,b,k (pt) � ∑r
2[ ]

μ�0
{K(r,μ)k P(r,μ)a,b (pt) + K(r,μ)1−k Q(r,μ)a,b (pt)}, (4)

with

K(r,μ)k � 1 + (k − 1)δr,2μ � 1 (r ≠ 2μ)
� k (r � 2μ), (5)

which allows factorization of the k dependence.
The quantity P(r,μ)

a,b (p), which accounts for the contribution to
A after one update from configurations with (r − μ) agents with
opinion A and μ agents with opinion B, can be decomposed as the
sum of contributions with α A-inflexibles and β B-inflexibles,
where integer α runs from 0 to (r − μ) and β runs from 0 to μ giving
(see Figure 1 left)

P(r,μ)a,b (p) � ∑
α�0

r−μ ∑
β�0

μ

P(r,μ)a,b,α,β(p). (6)

Since μ≤ [r/2] (Amajority or tie), contributions to pt+1 from Eq. 6
come from all agents except B-inflexibles minus contrarians after
the update, yielding

P(r,μ)a,b,α,β(p) � ⎛⎝ r

μ
⎞⎠⎛⎝ μ

β
⎞⎠⎛⎝ r − μ

α
⎞⎠(1 − p − b)μ− β

×(p − a)r− μ− αbβaα(r − β

r
).

(7)

Similarly, the quantityQ(r,μ)
a,b (p), which accounts for the contribution

to A from configurations with μ agents with opinion A and (r − μ)
agents with opinion B, can be decomposed as the sum of
contributions with α � 0, . . . , μ A-inflexibles and β � 0, . . . ,
(r − μ) B-inflexibles giving (see Figure 1 right)

Q(r,μ)a,b (p) � ∑
α�0

μ ∑
β�0

r−μ
Q(r,μ)a,b,α,β(p). (8)

Since μ≤ [r/2] (Aminority or tie), contributions to pt+1 from Eq.
8 come only from A-inflexibles after the update, yielding

Q(r,μ)a,b,α,β(p) � ( r
μ
)( μ

α
)( r − μ

β
)(1 − p − b)r− μ− β

× (p − a)μ− αbβaα(α
r
). (9)

With the use of the formulas (x + y)n � ∑ n
j�0( n

j
)xn−jyj and

ny(x + y)n− 1 � ∑ n
j�0( n

j
)jxn−jyj, the summation over α and β

leads us to

P(r,μ)a,b (p) � ( r
μ
)pr−μ(1 − p)μ[1 − μ

r(1 − p) b] (10)

and
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Q(r,μ)a,b (p) � ( r
μ
)pμ(1 − p)r− μ[ μ

rp
a]. (11)

With the use of identities

∑[r
2]

μ�0
K(r,μ)1−k ( r

μ
)pμ(1 − p)r− μ +∑r

2[ ]
μ�0

K(r,μ)k ( r
μ
)pr−μ(1 − p)μ

� (p + 1 − p)r � 1 (12)

and

∑r2[ ]
μ�0

K(r,μ)k ( r

μ
) μ

rp
pμ(1 − p)r− μ +∑r

2[ ]
μ�0

K(r,μ)1−k ( r

μ
) r − μ

rp
pr−μ(1 − p)μ

� 1
rp
zη(ηp + 1 − p)r∣∣∣∣∣∣∣∣

η�1
� (p + 1 − p)r− 1 � 1,

(13)

we arrive at the compact expression of the evolution function
P(r)
a,b,k for general group size r in the form

P(r)
a,b,k(p) � Π(r)

0 (p, k) + aΠ(r)
1 (p, k) − bΠ(r)

2 (p, k), (14)

where

Π(r)
0 (p, k) � ∑r

2[ ]
μ�0

( r
μ
)K(r,μ)k pr−μ(1 − p)μ, (15)

Π(r)
1 (p, k) � ∑r

2[ ]
μ�0

( r
μ
)K(r,μ)1−k

μ

rp
pμ(1 − p)r− μ, (16)

Π(r)
2 (p, k) � ∑r

2[ ]
μ�0

( r
μ
)K(r,μ)k

μ

r(1 − p)pr−μ(1 − p)μ. (17)

Note that the relation Π(r,μ)
2 (p, k) � Π(r,μ)

1 (1 − p, 1 − k). Also, note
that the relation

P(r,μ)a,b (p) + Q(r,μ)b,a (1 − p) � ( r
μ
)pr−μ(1 − p)μ. (18)

This guarantees the covariance of P(r)
a,b,k(p) with respect to the

renaming of opinions A and B as follows:

P(r)
a,b,k(p) + P(r)

b,a,1−k(1 − p) � 1. (19)

At this stage, to obtain the complete update equation, we use Eq. 3
as

P(r)
a,b,c,k(p) � (1 − 2c)[Π(r)

0 (p, k) + aΠ(r)
1 (p, k) − bΠ(r)

2 (p, k)]
+ c(1 + a − b),

(20)

which allows calculation of the opinion dynamics for any set of
parameters (a, b, c, k) given any group size r for any initial
support p0for opinion A. We thus have calculated a universal
formula to predict opinion dynamics in a parameter space of five
dimensions.

We now go one step further to make our equation further
realistic by considering a distribution of size with r � 1, 2, . . . , L,
where L is the largest update size. Usually, in most social
situations, L is around 4, 5, or 6. The size weight wr of groups
of size r has to be evaluated from observation under the constraint∑ r�L

r�1wr � 1. Including the size r � 1 allows consideration of
agents who do not take part in local discussion during each
update. Then, using Eq. 2, the associated global proportion of A
supporters becomes

G{L}
a,b,c,k(p) � ∑

r�1

r�L
wrP

{r}
a,b,c,k(p)

� (1 − 2c)∑
r�1

r�L
wr[Π(r)

0 (p, k) + aΠ(r)
1 (p, k)

− bΠ(r)
2 (p, k)] + c(1 + a − b). (21)

In principle, Eq. 21 allows one to contribute to the issue of
connecting the topology of a given network and the dynamics
occurring through the network [45]. Indeed, the set of values of
weights wr and L could then be extracted from the network.

3. A FEW ILLUSTRATIONSOF SUDDENAND
UNEXPECTED MINORITY OUTBREAKS

To make our universal update equation more concrete, we list
explicit expressions for the series of values r � 3, 4, 5, 6, 7, 8, 9 in
Appendix A. In addition, to distinguish the dynamical effects that
come from the current update equation from the ones already
present in the former model, we recall that the impact of

FIGURE 1 | Diagrams representing a group of r agents made up of α A-inflexibles (shown as A), β B-inflexibles (shown as B), and rα − β floaters and contrarians.
Agents are split into two opinions with μ having one opinion and (r − μ) being the other with μ< [r/2]. The left diagram is the case in which opinion A holds the majority,
and the right diagram is the case in which B holds the majority.
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unconscious prejudices has been studied for group size r � 4 and
the effect of having inflexible or stubborn agents has been studied
for groups of size 3. Each yields separately the phenomenon of
minority spreading as exhibited for instance with k � 1 and a �
0.20 and b � 0 in Figure 2. The corresponding update formulas
are recovered from Eq. 2 with P(4)

0,0,0,1(p) � Π(4)
0 (p, k) �

p2(3p2 − 8p + 6) and P(3)
0.20,0,0,k(p) � Π(3)

0 (p, k)+ 0.20Π(3)
1 (p, k) �

−2p3 + 3.20p2 + 0.20(1 − 2p). Note that P(3)
0.20,0,0,k(p) is

independent of k as expected for an odd-size group. Minority
spreading occurs in both cases, but rather slowly for the
second one.

While each effect was accounting for, alone, now the universal
formula allows us to investigate the combination of both effects,
either going along the same support for A (P(4)

0.20,0,0,1(p)) or
competing for and against A (P(4)

0,0.20,0,1(p)) as shown in Figure 3
for the case r � 4. Combination enhances drastically the minority
spreading, but competition shows that 20% of B-inflexibles do
overcome the full benefit of the prejudice effect.

We proceed to illustrating the capacity of the current update
equation to yield sudden and unexpected minority outbreaks
exhibiting a couple of striking cases with groups of sizes r � 3 and
r � 4.

In Figure 4, each graph shows two curves for the evolution of
p, the proportion of the support for A, as a function of the number
of updates with the same value of r. The two sets of parameter
values are shown in each figure. Only very little differences
differentiate the two sets of parameters, while the two associated
curves exhibit drastic difference in their respective outcomes. The
graph in the left is an example of the case r � 3 with the
common starting value p � 0.2. Two lines are those of a � 0.170

and a � 0.172 and common values b � c � 0, showing the drastic
difference caused by a minuscule change in the parameter a.
Likewise, the graph in the right is an example of the case r � 4
with the common starting value p � 0.2. Two lines are those of
c � 0.04 and c � 0.05, and common values a � b � 0.10 and
k � 0.6, showing the effect caused by a 1% change in the
parameter c.

4. FIXED POINTS OF THE DYNAMICS

The dynamics implemented by repeated applications of Eq. 2
exhibits a rather large spectrum of different scenarios within the
five-dimensional space spanned by 0≤ a≤ p≤ 1, 0≤ b≤ 1 − p≤ 1,
0≤ c≤ 1, a + b + c≤ 1, 0≤ k≤ 1, and 1≤ r ≤∞. The phase
diagram landscape is shaped by the various attractors and
tipping surfaces, which are the solutions of the fixed-point
equation

p+ � P(r)
a,b,c,k(p+). (22)

It is of interest to mention that Eq. 22 is a polynomial of degree r
in p and thus exhibits r solutions of which no more than three are
real and contained within the 0 − 1 range. This assessment results
from playing with the equation and hand-waving arguments but a
mathematical proof is still on hold.

In case of three fixed points p+0 , p
+
s , and p

+
1 in ascending order,

the smallest p+0 ≤ 1/2 is stable and represents B-majoritarian final
state, while the largest p+1 ≥ 1/2 is also stable, representing A-
majoritarian final state. The medium-valued p+s is unstable, acts

FIGURE 2 | Left: evolution of the proportion of A support P{4}
0,0,0,1(p) as a function of p. The arrows show the minority spreading starting from an initial support

p � 0.25. Right: evolution of the proportion of A support P{3}
0.2,0,0,k(p) as a function of p. The arrows show the minority spreading starting from an initial support p � 0.25.
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as a separator for the basins of attraction to p+0 and p+1 , and is a
tipping point of the dynamics.

Since making a visual representation is impossible in five
dimensions, being interested in the evolution of an initial
value p0 given fixed values of (a, b, c, k, r), the operative use of
the phase diagram is to select two-dimensional slices showing the
evolution of p0 as a function of repeated updates with
p0 → p1 → . . . → pn, where n is the number of iterations. With
respect to prediction about a real event, what matters is to
determine if pn > 1/2 (opinion A victory), pn < 1/2 (opinion A
failure), or pn ≈ 1/2 (hung outcome).

An alternative practical use of the phase diagram is to extract
the two-dimensional slices, which shows the function
pt+1 � P(r)

a,b,c,k(pt) for a fixed set of values (a, b, c, k, r). These

curves display the eventual attractors and tipping points
underlying the dynamics from which predictions can be made.
These points are located at the crossing of pt+1 � P(r)

a,b,c,k(pt) and
the diagonal pt+1 � pt .

Indeed, all “slices” share the common property of having at
least one single attractor for the dynamics. In addition, a series of
slices exhibit one additional attractor and a tipping point located
between the two attractors. For those cases, varying some of the
parameters (a, b, c, k) may lead either to have one attractor and
the tipping point to coalesce at critical values, yielding then a
single-attractor dynamics. The other scheme is having the two
attractors to merge at the tipping point to produce another single-
attractor dynamics. To have a single-attractor dynamics implies
one identified opinion is certain to win whatever its initial

FIGURE 4 | Evolution of p, the proportion of the support for A, as a function of the number of updates t. Left: A r � 3 case with starting value p � 0.2. Two lines are
those of a � 0.170 and a � 0.172, and common values b � c � 0. Right: A r � 4 case with starting value p � 0.2. Two lines are those of c � 0.04 and c � 0.05, and
common values a � b � 0.10 and k � 0.6.

FIGURE 3 | Left: evolution of the proportion of A support P{4}
0.20,0,0,1(p) as a function of p. The arrows show the speeding up of the Aminority spreading starting from

an initial support p � 0.25. Right: evolution of the proportion of A support P{4}
0,0.2,0,k(p) as a function of p. The arrows show the A minority now shrinking from an initial

support p � 0.25.
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support is. This means that the debate or the campaign duration
lasts for enough time to cross 1/2, i.e., 50%, of the ballots for an
election. Figure 5 and Figure 6 show a series of cases illustrating
the above two scenarios.

5. EXPLORING THE PHASE DIAGRAM

From Eq. 22, when b � c � 0, increasing the parameter a makes
p+0 and p+s merge into a single value at a � ac and then disappear
to make p+1 the sole final state of the system (see Figure 7). The
critical value a for b � 0, which we call ac(c), is obtained from

p+ − P(r)
ac(c),0,c,k(p+) � 0, (23)

1 − zpP
(r)
ac(c),0,c,k(p+) � 0. (24)

In particular, for c � 0, the critical value ac(0), which we simply
call ac, and its associated p+c are obtained from

Π(r)
0 (p+c , k)Π(r)

′
1 (p+c , k) − Π

(r)
′

0 (p+c , k)Π(r)
1 (p+c , k)

+Π(r)
0 (p+c , k) − p+c Π

(r)
′

0 (p+c , k) � 0,
(25)

ac � p+c − Π(r)
0 (p+c , k)

Π(r)
1 (p+c , k) . (26)

With small but non-zero b, the system goes through transition
between two stable fixed-point phase and single fixed-point
phase, when a is varied, at a critical value higher than ac.

Above a certain value of b, the system goes from
B-majoritarian single fixed-point phase to A-majoritarian
single fixed-point phase without passing through three fixed-
point phase (see Figure 7). The transition is characterized by
triple critical point a � b � at(c):

p+t − P(r)
at(c),at(c),c,k(p+t ) � 0, (27)

1 − zpP
(r)
at(c),at(c),c,k(p+t ) � 0. (28)

Limiting ourselves to c � 0 for now, the triple point at� at(0) and
its associated p+t are obtained as p+t � 1/2 and

at �
1 − Π

(r)
′

0 (12, k)
2Π

(r)
′

1 (12, k) . (29)

It is instructive to draw the phase diagram on an {a, b} plane.
There is a region of small values of a and b in which final majority
can go either way depending on its initial support. For large
values of a and/or b, final majority is predetermined due to the
strong influence of inflexibles. When a or b exceeds at , two
inflexible-dominated regions are placed next to each other

FIGURE 5 | Examples of the evolution function Pr
a,b,c,k(p) around critical value a � ac for b � c � 0. The group size is chosen to be r � 7.

FIGURE 6 | Examples of the evolution function Pr
a,b,c,k(p) around triple critical value a � b � at for c � 0. The group size is chosen to be r � 7.
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without an intermediate floater-determinable region. An example
of r � 9is shown in Figure 7.

The r-dependence of ac and at can be seen in Figure 8. We list
just some of them as follows: For r � 3, we have ac � 0.1714 and
at � 0.25, and for r � 5, ac � 0.2104 and at � 0.2917. For r � 7,
we have ac � 0.2358 and at � 0.3167, and for r � 9, ac � 0.2452
and at � 0.3339.

Overall, approaching r � ∞limit, ar � at � 0.5 is very slow,
and for reasonably small group size r ≈ 10, ac ≈ 1/4 and at ≈ 1/3
hold, which are closer to the case r � 3 than r � ∞. Even at
r ≈ 50, we have surprisingly small ac ≈ 1/3 and at ≈ 2/5.

It is again instructive to look at the phase diagram on the {a, b}
plane with different values of c (Figure 9). It should be very clear
now that for all groups of size r, the effect of contrarians on the
final majority formation is to decrease the role of floaters and
increase the power of inflexibles. This fact, which has originally
been found in r � 3, for example, turns out to be a generic feature
of the Galam model.

6. SUMMARY

In this study, we have obtained a universal formula for the
temporal evolution of agents following the Galam opinion
dynamics in a parameter space of five dimensions, which are
the respective proportions of inflexibles of each side
(stubbornness), the proportion of contrarians, the mean value
of shared prejudices, and the update group size.

The associated opinion landscape is found to be shaped by
several attractors and tipping points, which yield a rich variety of
non linearities and singularities in the opinion flows. Sudden
upheavals such as minority spreading and majority collapse are
thus given a rationale unveiling the hidden mechanisms behind
the occurrence of unexpected and sudden shifts in the
distribution of opinions such as with the Brexit victory and
Trump election. The time dependence of the corresponding
phenomena is also exhibited.

For large group sizes, although the effects of inflexible agents
waved out with simple majority rule holding, the results vary very
slowly, showing that earlier insights obtained from group sizes
three and four remain intact. In contrast, for even sizes, although
the prejudice effect weakens with increasing size, it stays effective.
Moreover, having the update equation for any group size rmakes
it possible to consider combinations of group sizes, which in turn
opens the path to account for underlying networks.

The study of one specific case has showed the existence of
critical points ac and at , which corner and branch out the lines
separating the inflexibles-dominant and floaters-determinable
phases. The admixture and increase of contrarians effectively
assist the dominance of inflexibles and reduce the parameter
region in which initial composition of floaters can determine the
outcome of majority opinion formation. The increase in group
size r induces modest but clear increase in both ac and at .
Accordingly, when the local discussion involves more agents, a
larger committed minority is necessary to impose its will on the
majority, or, identically, a larger enlightened minority is
necessary for its persuasion of the majority.

Obtaining the complete phase diagram of the dynamics of
opinions yields a robust forecasting frame for which predictions
become more reliable since what matters is the identification of
the basin of attraction in which the dynamics is taking place, thus
providing some flexibility in the accuracy of parameter
evaluation. However, along the basin boundaries, higher
precision is required for estimation of the value of the

FIGURE 7 | An example of the phase diagram of the parameter space
{a,b}. The group size here is chosen to be r � 9. The regions marked as A, B,
and A/B represent parameter values with which the system converges
unconditionally to A majority, unconditionally to B majority, and to either
A or B majority depending on the initial configuration, respectively.

FIGURE 8 | Critical parameters ac and at as functions of group size r.
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parameters. Given a specific issue, locating the corresponding
relevant attractor allows anticipation of a possible unexpected
shift of opinion trend ahead of its occurrence.

It is of importance to emphasize one instrumental feature of
the model that it does not rely on data beside the use of few polls.
Indeed, the model is not data-driven, allowing one to build the
general landscape of the dynamics, whose topology is shaped by
the various tipping points and attractors, which have been
identified from the universal formula.

However, at this stage, making the framework operational for
robust predictions is still to be implemented since specific tools
must be designed to evaluate the value of parameters, i.e., the
proportions of inflexibles of each side and contrarians, as well as
the effective average of active prejudices connected to a given
issue. This challenge cannot be addressed by physics solely. An
interdisciplinary frame with social scientists is at stake to create
effective new tolls to evaluate quantitatively those parameters.

Yet, it has been shown that rough qualitative estimates are
sufficient to identify which basin is going to drive the dynamics
for some cases as illustrated for the Brexit and French referendum
about the project of the European constitution for which most
activated prejudices were acting in favor of the choice no.

Accordingly, at this stage, predictions are qualitative about
winning or losing a vote and not about a precise value of the
voting outcome. The forecast is about toward an increase in
support to obtain above fifty percent or a decrease to end up
below fifty percent. Therefore, interdisciplinary efforts have to be
made to reach solid quantitative predictions. Nevertheless, having
the universal formula allows one to elaborate winning strategies
in competing environments, widening previous discussed paths
[46–50].

To conclude, we have obtained a potentially ready-to-use
universal formula which, although operative tools for precise
tuning of parameters are still lacking, provides already a new
ground to make a large spectrum of predictions of winning
strategies about outcomes of opinion dynamics, including
voting, market shares, and societal trends.

EXPLICIT EVOLUTION EQUATIONS FOR
r � 3, 4, 5, 6,7,8,9

To make our universal update equation more concrete, we list
explicit expressions for the series of values r � 3, 4, 5, 6, 7, 8, 9 as
follows:

r � 3

Π(3)
0 (p, k) � p2(3 − 2p),
Π(3)

1 (p, k) � (1 − p)2,
Π(3)

2 (p, k) � p2.
(30)

r � 4

Π(4)
0 (p, k) � p3(4 − 3p) + 6kp2(1 − p)2,

Π(4)
1 (p, k) � (1 − p)2(1 + 2p) − 3kp(1 − p)2,

Π(4)
2 (p, k) � p3 + 3kp2(1 − p). (31)

r � 5

Π(5)
0 (p, k) � p3(10 − 15p + 6p2),
Π(5)

1 (p, k) � (1 − p)3(1 + 3p),
Π(5)

2 (p, k) � p3(4 − 3p). (32)

r � 6

Π(6)
0 (p, k) � p4(14 − 24p + 10p2) + 20kp3(1 − p)3,

Π(6)
1 (p, k) � (1 − p)3(1 + 3p + 6p2) − 10kp2(1 − p)3,

Π(6)
2 (p, k) � p4(5 − 4p) + 10kp3(1 − p)2. (33)

r � 7

Π(7)
0 (p, k) � p4(35 − 84p + 70p2 − 20p3),
Π(7)

1 (p, k) � (1 − p)4(1 + 4p + 10p2),
Π(7)

2 (p, k) � p4(15 − 24p + 18p2). (34)

r � 8

Π(8)
0 (p, k) � p5(56 − 140p + 120p2 − 35p3) + 70kp4(1 − p)4,

Π(8)
1 (p, k) � (1 − p)4(1 + 4p + 10p2 + 20p3) − 35kp3(1 − p)4,

Π(8)
2 (p, k) � p5(21 − 35p + 15p2) + 35kp4(1 − p)3.

(35)

r � 9

FIGURE 9 | Phase diagram on {a,b} plane for r � 9. Left for c � 0.1 and right for c � 0.2. The regions marked as A, B, and A/B represent parameter values with
which the system converges unconditionally to Amajority, unconditionally to Bmajority, and to either A or Bmajority depending on the initial configuration, respectively.
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Π(9)
0 (p, k) � p5(126 − 420p + 540p2 − 315p3 + 70p4),
Π(9)

1 (p, k) � (1 − p)5(1 + 5p + 15p2 + 35p3),
Π(9)

2 (p, k) � p5(56 − 140p + 120p2 − 35p3). (36)
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